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Abstract 

In the framework of the superconformal tensor calculus for 4D N = 2 super- 
gravity, locally super symmetric actions are often constructed using the linear 
multiplet. We provide a superform formulation for the linear multiplet and 
derive the corresponding action functional using the ectoplasm method (also 
known as the superform approach to the construction of super symmetric in- 
variants). We propose a new locally supersymmetric action which makes use of 
a deformed linear multiplet. The novel feature of this multiplet is that it cor- 
responds to the case of a gauged central charge using a one-form potential not 
annihilated by the central charge (unlike the standard J\f = 2 vector multiplet). 
Such a gauge one-form can be chosen to describe a variant nonlinear vector- 
tensor multiplet. As a byproduct of our construction, we also find a variant 
realization of the tensor multiplet in supergravity where one of the auxiliaries 
is replaced by the field strength of a gauge three-form. 



1 Introduction 

In Af = 2 Poincare supersymmetry in four space-time dimensions (4D), the linear 
multiplet was introduced by Sohnius [lj as a superfield Lagrangian describing the 
dynamics of matter hypermultiplets coupled to Yang-Mills superfields [2]. Following 
[U |3], the linear multiplet is a real isotriplet superfield, = V 1 and Jji = := 
EikSjiL kl , subject to the constraints 



Here D l a and D\ are the Af = 2 spinor covariant derivatives with a real central charge 
A. The action proposed in [1] has the form 



It is invariant under the Af = 2 super-Poincare transformations, including the central 
charge one. The name 'linear multiplet' was coined by Breitenlohner and Sohnius 
[3] because the decomposition of L u into Af = 1 superfields contains a real linear 
multiplet [1] (which is the field strength of the Af = 1 tensor multiplet [5]) in the case 
that is neutral under the central charge, AL l i = 0. Unlike the hypermultiplet, 
demanding AL^ = does not lead to an on-shell multiplet. The resulting off-shell 
multiplet without central charge [6] is naturally interpreted as the field strength of 
the massless Af = 2 tensor multiplet [7J . 

The action (11. 2p may be thought of as an Af = 2 analogue of the chiral action 
in Af = 1 supersymmetry. As is well known, any Af = 1 action can be rewritten 
as a chiral one. The situation in Af = 2 supersymmetry is similar. As stated by 
Breitenlohner and Sohnius [3], all known Lagrangians (at that time) for rigid Af = 1 
supersymmetry can be generated from linear multiplets. Since the linear multiplet 
was lifted to Af = 2 supergravity [3], and then reformulated [S] within the Af = 2 
superconfomal tensor calculus [HI QUI ED] , it has become a universal tool to construct 
the component actions for supergravity-matter systems, especially within the locally 
superconformal setting of [91 [TUl [11] . 

In regard to the superspace practitioners, for a long time they had not expressed 
much interest in the linear multiplet, since there had appeared more powerful methods 
to construct off-shell supersymmetric actions using the harmonic [121 03] and the 
projective [HI EES] superspace approaches which are based on the use of superspace 
M 4 I 8 x CP 1 pioneered by Rosly [16]. The situation changed in the mid-1990s when the 
so-called vector-tensor multiplet [17] was re-discovered by string theorists [18] to be 



D%L jk) = D { lL jk) = . 



(1.1) 




(1.2) 
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important in the context of string compactiflcations. This multiplet is analogous to 
the Fayet-Sohnius multiplet [Hi Q] in the sense that it possesses an intrinsic central 
charge (i.e. the multiplet is on-shell if the central charge vanishes), and therefore 
its dynamics (including its couplings to vector multiplets and supergravity) should 
be described by a linear multiplet Lagrangian. The vector-tensor multiplet and its 
nonlinear version [201I2T] have become the subject of various studies in flat superspace 
[221 l23l [241 125| |26j ETJ EE]. In particular, a general harmonic superspace formalism for 
4D M = 2 rigid supersymmetric theories with gauged central charge was developed 
in [28]. Furthermore, a remarkable construction was given by Theis [29l [30] . He 
proposed a new nonlinear vector-tensor multiplet with the defining properly that the 
central charge is gauged using the vector field belonging to the multiplet (unlike the 
approach of [28J which used an off-shell vector multiplet to gauge the central charge). 

The action ( 11. 2ft can be represented as a superspace integral [21], but this requires, 
in the case AL lJ ^ 0, the use of harmonic superspace [12]. Introducing SU(2) har- 
monics u +l and u~ according to [12] , one can associate with L 1 - 7 the following analytic 
superfield L ++ := ufu^L 1 ^ which is annihilated by := ufD l a and Z)+ := ufD l a . 
Then, the action ( 11. 2h is equivalent to 

S = /d.^(^ + ^)L-, (1.3) 

where 9+ := uf9 l a and 0t := uf9&. The integration in f ll ,3j) is carried over the 
analytic subspace of the harmonic superspace. In particular, du denotes the left-right 
invariant measure of SU(2), and 

dC ( ~ 4) = ^& A xD-«D-DTD-« , D- := u-D^ , DT := u- & a . (1.4) 
The supergravity extension of (11.31) was given in [31] 

5sugra = J dudC [ ' A) V 5 ++ £ ++ . (1.5) 

Here C ++ denotes the curved-superspace version of the linear multiplet, while V 5 I_+ is 
the harmonic prepotential of one of the two supergravity compensators - a vector mul- 
tiplet which gauges the central charge. The action (II. 5ft is a locally supersymmetric 
extension of the action introduced in [28]. The combination V^~ + := {9 + ) 2 + (9 + ) 2 in 
(II. 3p can be interpreted as the analytic prepotential of a frozen vector multiplet with 
constant field strength [2H]. The functional ( 11. 5p is extremely compact and geometric, 
as compared with its component counterpart [8] (see eq. ( 13.40}) below). Remarkably, 
Ssugra is a BF-type model invariant under gauge transformations of the form [3T] : 

= -D++A , 5£ ++ = \A£ ++ , (1.6) 
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with A an analytic gauge parameter, and T> ++ a harmonic gauge-covariant derivative 
defined in [31] . Unfortunately, the above action is not yet useful for practical applica- 
tions. The point is that the harmonic superspace formulation of M = 2 supergravity 
was developed in terms of certain prepotentials j32j [33] (see also [13] for a review). 
It is not known how to derive the prepotential description of [321 [33] from the three 
existing superspace formulations for 4D J\f = 2 conformal supergravity [3J1 [351 ES] £] 
These formulations are realized in terms of covariant derivatives defined on a curved 
M = 2 superspace. The difference between the three formulations lies in the structure 
groups chosen. What is important is that all known multiplets with gauged central 
charge in the presence of supergravity are realized in curved superspace in terms of 
the supergravity covariant derivatives [381 EH] , and not in terms of the harmonic pre- 
potentials. Therefore, we need a reformulation of the linear multiplet action (II. 5ft that 
is given solely in terms of the supergravity covariant derivatives. Such a reformulation 
is given in the present paper. 

Our work contains two main results. Firstly, we develop a superform formulation 
for the linear multiplet in M = 2 conformal supergravity. This formulation is shown 
to immediately lead to a locally supersymmetric action if we make use of the so- 
called ectoplasm formalism [lOl E] (also known as the superform approach to the 
construction of supersymmetric invariants) The action derived coincides with that 
introduced in [5|. Secondly, we propose a new locally supersymmetric action which 
makes use of a deformed linear multiplet. The novel feature of this multiplet is that it 
corresponds to the case of the central charge being gauged using a one-form potential 
which is not annihilated by the central charge (unlike the standard M = 2 vector 
multiplet). 

This paper is organized as follows. Section 2 describes a warm-up construction. 
We start from a superform realization for the linear multiplet without a central charge 
in 5D M = 1 Minkowski superspace, and use it to read off a superform formulation 
for the linear multiplet in flat 4D M = 2 central charge superspace. In section 3 we 
provide a superform formulation for the linear multiplet in M = 2 conformal super- 

*As shown in [37], the formulation developed in |35j can be obtained from |34j by a partial gauge 
fixing of the super- Weyl invariance. The latter formulation is a gauged- fixed version of the conformal 
supergravity formulation developed in |36j . One can think of the formulation [3 6) as a master one. 
Depending on a concrete application, it is convenient to use either [35] or [36] . 

2 The mathematical construction underlying the ectoplasm formalism [40l [41] is a special case 
of the theory of integration over surfaces in supermanifolds, see [42] and references therein. In the 
physics literature, the idea to use closed super four-forms for the construction of locally supersym- 
metric actions in 4D was, to the best of our knowledge, first given by Hasler [43] building on the 
analysis in [4"4] . 
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gravity and derive the corresponding action functional using the ectoplasm method. 
In section 4 we first review, following |45j, the curved-superspace formulation for a 
generalized M = 2 vector multiplet which gauges the central charge and is not inert 
under the central charge transformations (unlike the standard M = 2 vector multi- 
plet). We then develop a superform formulation for a deformed linear multiplet and 
construct the associated locally supersymmetric action. The main body of the paper 
is accompanied by two appendices. The first appendix is technical and devoted to a 
brief summary of the superspace formulation for M = 2 conformal supergravity devel- 
oped in [36J and slightly reformulated in [39]. The second appendix briefly describes 
the ectoplasm formulation of the BF coupling in M = 1 conformal supergravity. 



2 The linear multiplet in flat superspace 

In this section, we briefly discuss the linear multiplet in flat superspace and 
describe its superform structure. It is well known that the linear multiplet in 4D with 
a central charge is related to a linear multiplet in 5D without a central chargejf] We 
will first describe the situation in 5D and then demonstrate its equivalence to the 4D 
case with a central charge. 



2.1 The linear multiplet in flat 5D superspace 

We use the 5D superspace and gamma matrix conventions of [16], to which we 
refer the reader. The algebra of 5D flat covariant derivative^] is 

{D i & ,Dp = -2ie i i(T% $ d & , = 0, {d,,d i> } = 0. (2.1) 

The linear multiplet in 5D is encoded in a real linear superfield L u = {Lij)* which is 
symmetric in its indices, L u = LP 1 , and obeys the constraints 

D%L jk) = . (2.2) 

These constraints imply the existence of a conserved vector among the components 
of U\ 

V a = l-(r*)*tD &j D $k IS k \ , d & V' a = . (2.3) 

3 In 5D, a linear multiplet without central charge also has been called a tensor multiplet or an 
0(2) multiplet in the literature, in analogy to the terminology used in 4D. 

4 The 5D flat covariant derivatives are Ds = (da,Da), where := D % & . The dual basis of 
one-forms is E A = (E & ,E^), where ;=Ef. 
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The conserved vector V a is naturally dual to a closed four-form. 

It is useful to introduce a superspace generalization of this four-form so that the 
linearity constraint ( 12. 2 j) appears naturally as a Bianchi identity. Let E be a closed 
four-form@ with a tangent frame expansion 

1 

4T 



E = -E D A£ C A^A £ A E^ . (2.4) 



The requirement that S is closed, dE = 0, amounts to the equations 

= D^BCDE} ~ ^[AB\ F ^F\CDE} > (^-5) 

where the indices A • • • £7 are graded anti-symmetrized. Imposing the constraints 

%M = o , E- M = o , = li (>:,J„ ; /-'• , , (2.6) 

for some real symmetric tensor L % \ we find that the Bianchi identities require (12. 2p 
and fix the remaining components of the four-form: 

^ab£a — ~^ £ abcde(^ e )^D^L jl , ^abcd = 7^ £ ' abcdei^)^ § k L jk . (2.7) 

The highest component S a ^ is closed by construction, as a consequence of the lin- 
earity constraint ( 12. 2\\ . This closed four-form has recently appeared in the literature 

m- 

It is possible to require that E be an exact form, E = dC, for some three-form C. 
In the tangent frame, 

^ABCD = ^^[A BCD} ~ ^[AB\ E< ^ E\CD} ■ (^-8) 

Then the highest component E a ^ is similarly exact. 

2.2 The linear multiplet in flat 4D central charge superspace 

The 5D derivatives can be decomposed into 4D M = 2 derivatives Da = (D l a , Df, d a ) 
and a central charge d 5 , 

Di = (DlD™), da = (d a ,d 5 ), (2.9) 



5 We place a hat on E to distinguish it from the four-form E in 4D that we will introduce in the 
next section. 
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so that the supersymmetry algebra becomes 

Dfi = 2e%,ft , {D & i, D $j } = 2e l3 e ap d, , = -2i ^(a 6 )^ , 

[Dj,, 9 6 ] = [4, 9 6 ] = [-Dq, <9 5 ] = [d a , <9 5 ] = . (2.10) 

Any multiplet in flat 5D M = 1 superspace can naturally be written in 4D M = 2 
superspace with a real central charge A = <9 5 . The linear multiplet L % \ for example, 
now obeys DaL^^ = D^D^ = 0. Its associated four-form multiplet ^abcd naturally 
decomposes into a four-form Habcd an d a three-form H ABC — ^5Abc> which are 
related by the 4D version of eq. (12. 51) . 

= D[ A T, BC de} — 2T[ AB \ F T, F \ C DE} — 2T\ AB \ b H\ C DE} , (2-H) 
= d&ABCD - 4D [A H BC D} + 2T [AB \ E H E \ CD} . (2.12) 

The 5D torsion T 5 := E B A E A T AB 5 can be interpreted as the field strength of a 
frozen vector multiplet associated with the central charge. In form notation, these 
equations become 

DTj = H AT 5 , DH = <9 5 £ , D := E A D A , (2.13) 

where D is the central charge covariant exterior derivative, obeying D 2 = T 5 d§. The 
three-form H has the components 

H^ 1 = H^ i = 0, #44 = tf a j4 = 0, E a % = 2(<7 )^L*' , (2.14a) 

#X = -|K 6 )/£>/^ > ^-6i = , (2.14b) 

H abc = ^e abcd (a d f a [D ai , D p] ]L ij , (2.14c) 

and the four-form £ ij§ 

^ = 0, S a ^ = 0, S a6 ^ = 0, £„4 = 4i(a a& ) Q ^' , (2.15a) 

1 

£«te a = -^e a6a ,((T d )^DfL J ' < , S a6cd = — £abcd (D i:j L ij + /;,,/.") , (2.15b) 

where -D 4 - 7 := D a ^Da and D u := D^D a ^. One can check that the closure condition 
(DH) abcd = d 5 Y, abcd amounts to 

, />U<, = ihiir-'i.,, + ir'i.,,) . (2.16) 

6 In 4D, we use a hatted spinor index to denote a four component spinor, e.g. ip& = ("0a, V^")- 
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What meaning can we give to these forms? The highest component of the four- 
form, T* a bcd, has an immediate physical interpretation: it is the Sohnius Lagrangian 
( 11.21) . which associates to any linear multiplet L*- 7 a supersymmetric action principle. 

The meaning of H , on the other hand, is clearest if we restrict to the case where L u 
is independent of the central charge, d§L l i = 0. Then the linear multiplet becomes 
a tensor multiplet. In this case if is a closed three-form DH = dH = 0, and 
its components (12.141) coincide with the usual encoding of a tensor multiplet into a 
closed three-form geometry. In particular, H a f, c is a closed three- form and dual to 
a conserved vector since the right-hand side of (12.161) vanishes. In this case, H is 
usually interpreted as the field strength of a two- form B. 

Just as in 5D, we may restrict to the case where these superforms are exact. The 
three-form potential C in 5D decomposes in 4D into a three-form potential C and a 
two-form B, 

Cabc — Cabc , B AB = —C 5 ab , (2-17) 
so that H and £ are given respectively by 

Habc = 3D[ A B B c} — 3T[ A b\ D B d \ C } + ACabc , (2.18a) 
^ABCD = 4D[aCbcd} — QT[ab\ E Ce\cd} + QT[ab 5 B C d} , (2.18b) 

or, equivalently, 

H = DB + AC , Z = DC + B AT 5 . (2.19) 

These equations automatically satisfy the Bianchi identities (12.131) . An interesting 
consequence of the exactness condition is that one of the auxiliary components of the 
linear multiplet becomes the dual of a four-form field strength, 

I ),,!-■' + P,,I' J = -4e abcd d a C bcd . (2.20) 

This equation holds even in the absence of a central charge, where it describes a 
variant representation of the 4D M = 2 tensor multiplet obtained from the latter by 
replacing one of its auxiliary scalars by the field strength of a gauge three-form [43J u 

It turns out that the action (II. 2p can be coupled to conformal supergravity. This 
requires that the central charge be gauged, and the usual way this is done is with 
an off-shell vector multiplet. The locally supersymmetric version of the action (II. 2\\ 

7 This variant representation of J\f = 2 supersymmetry was called the "three-form multiplet" in 
[13] , by analogy with its Af = 1 counterpart constructed by Gates [15] . 
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then corresponds to the bilinear coupling between a linear multiplet and the vector 
multiplet that gauges the central chargejj It is natural to ask how much of the above 
structure survives in the presence of supergravity - and the answer turns out to be 
all of it! In the next section, we will demonstrate how to construct a four- form E and 
three-form H in the presence of 4D conformal supergravity with a central charge and 
explain how the four- form £ leads to the linear multiplet action principle [8]. 



3 The linear multiplet in conformal supergravity 

It is well-known how to couple the linear multiplet (without a central charge) to 
5D M = 1 conformal supergravity both in superspace |49j and at the component level 
[50] . As our interest is mainly in its 4D manifestation, the most natural line of attack 
would be to construct its superform in 5D superspace and then recast 5D superspace 
as 4D superspace with a central charge. However, there is as yet no method to reduce 
5D superspace to 4D in the presence of supergravity; indeed, this has been understood 
at the component level only recently [51] , where it was shown explicitly that off-shell 
5D conformal supergravity corresponds to off-shell 4D conformal supergravity with 
an additional vector multiplet. Therefore, instead of performing the reduction of 
the linear multiplet directly, we will begin first in four dimensions and consider the 
coupling of the linear multiplet to 4D conformal supergravity with a central charge. 

There are several superspace formulations of 4D conformal supergravity, depend- 
ing on the choice of the superspace gauge group. The formulation developed in [35] 
gauges SO(3, 1) x SU(2) R and can be derived [37] from a formulation [31] which gauges 
SO(3, 1) x U(2) R . Neither of these explicitly gauges dilatations or special supercon- 
formal transformations; rather, both admit a super- Weyl invariance under which the 
various connections and torsion superfields transform in a nonlinear fashion. A more 
general superspace formulation exists [36] which gauges the full super conformal group 
(the other approaches [M] and [35] can be obtained from [36] by imposing appropriate 
gauge conditions, see [36] for more details) @ This superspace formulation, which has 
been called M = 2 conformal superspace, is convenient to use only when multiplets 

8 Whcn the linear multiplet is independent of the central charge, the action is just the supersym- 
metric generalization of the topological BF coupling. 

9 When enlarging the structure group from SU(2)r [35] to U(2)r [34], the algebra of covariant 
derivatives becomes more complicated and practically unsuitable for calculations. One might think 
that enlarging the structure group further to the full superconformal group would make the algebra 
unmanageable; instead, the algebra magically simplifies |36j . This is one of the main advantages of 
this formulation. 
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and actions transform in a well-defined way under the full superconformal group. The 
linear multiplet falls into this class. 

Throughout this paper, we make use of the superspace formulation [36] for M = 2 
conformal supergravity. All of our results derived below can be extended to the other 
two formulations, given in [34] and [35], by performing an appropriate gauge fixing 
as described in [36J. 

The superspace is described by a supermanifold .M 4 ' 8 parametrized by local bosonic 
(x) coordinates and local fermionic (9,9) coordinates z M = (x m ,9^,9p). The covari- 
ant derivative V A = (V OJ V„, Vf ) is given by 

V A = E A + hl A ab M ab + ^Jij + i$ A Y + B A B + $ A B K B , (3.1) 

with E A = E a m Om the vielbein, Q A the spin connection, and Q A the SU(2) R and 
U(1)r connections, B A the dilatation connection, and 3U B the special superconformal 
connection. We may extend the superspace to include a gauged central charge A, 
[A, Va] = 0, which commutes with the superconformal generators, 

= [M ab , A] = A] = [Y, A] = [D, A] = [K A , A] , (3.2) 

by introducing gauge covariant derivatives 

V A :=V A + V A A , AV A = — ► [A,Va] = 0. (3.3) 
The gauge transformation of the connection V A is 

SV A = - VaA — > 6V A = [AA, V A ], AA = , (3.4) 

while the other connections, E A M , Q A bc , etc. are inert under the central charge 
transformation. We require a tensor superfield \& and its central charge descendants, 
A^, A 2 \l/, . . . , to transform covariantly under the central charge 

5 A ^ = AA* , 5 A A^ = AA 2 * , . . . , (3.5) 

which implies that the central charge gauge parameter should itself be inert, 

5a A = [AA, A] = AA = . (3.6) 

Provided appropriate constraints are imposed [2], the one-form V A describes a vector 
multiplet whose field strength is the reduced chiral superfield Z. For further details 
and the algebra of covariant derivatives, we refer the reader to Appendix [A] as well 
as the references (36J, [39] . 
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It is possible to interpret the central charge A as a derivative in a fifth bosonic 
direction, which can simplify some of the equations we will encounter. Let z M denote 
the coordinates of the superspace .M 4 ' 8 x X where M. is a four-dimensional M = 2 
supermanifold parametrized by coordinates z M and X denotes the central charge 
space parametrized by x 5 . The vielbein on this supermanifold is given by 



Em* = I*"* ~^ M ) , £/=rf^|. (3-7) 



and depends only on the coordinates z M parametrizing .M 4 ' 8 . The connections asso- 
ciated with the rest of the superconformal group are completely localized on .M 4 ' 8 , 

tt A ab = (n A a \0) , = ($A0) , etc. , (3.8a) 

d 5 n A ab = , d 5 $ A ij = 0, etc. (3.8b) 

This choice for the vielbein and the other connections is preserved so long as we 
restrict to ^-independent gauge transformations. We may then define 

V A := Ejfdft + ]fl A ah M ab + + i$ A Y + B A B + $ A B K B , (3.9) 

which possesses the algebra 

[^i> ^g} = T AB 6 ^C + 2 R AB CdM cd + R AB kl Jkl 

+ W AB (Y)Y + R AB (D)B + R AB C K C . (3.10) 

Given the choices we have made for the vielbein and the connections, it is easy to see 
that 

V A = V A , V 5 = <9 5 = A , (3.11) 
and so the algebra of covariant derivatives f)3.10p becomes 

[V A , V b } = T AB C V C + F AB A + ^R AB cd M cd + R AB kl J kl 

+ \R AB {Y)Y + R AB (B)B + R AB C K C , (3.12a) 
[A,Va] = 0, (3.12b) 

provided we make the identification F AB = T AB 5 . This leads to 

F = dV <=^> F AB = 2V [A V B} -T AB C V C , (3.13) 
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with the Bianchi identity 

dF = « V [A F BC} - T [ABl D F Dlc} = . (3.14) 

The algebra (13.121) is exactly that described in Appendix [K\ Naturally, the central 
charge gauge transformation arises from a diffeomorphism in the x 5 -direction and 
must be independent of x 5 to preserve the form (13 .7\\ for the vielbein. It should be 
kept in mind that although this superspace is formally five- dimensional, it describes 
only 4D M = 2 conformal supergravity with a central charge, and not 5D conformal 
supergravity. We will refer to this superspace as central charge superspaceF^I 

We generalize the flat linear multiplet by introducing a closed superspace four- 
form E in central charge superspace, 

dS = -<=>- ^[A^bcde} ~ ^[Ab\ F ^f\cde} = • (3.15) 

This closed form decomposes into a four-form and a three-form when written in 4D 
superspace. Denoting 



J ABCD — ^ABCD 



H ABC — ^5ABC > (3.16) 



for a four-form £ and a three-form H, the equation ( 13 . 1 5[) decomposes into two 
equations, 

^{A^BCDE} — ^T[ A B\ F ^F\CDE} = 2F[ AB H C DE} , (3.17a) 

AV[aH BCD ] — 2T[ A b\ E H e \cd} = , (3.17b) 

which may equivalently be written 

V£ = #AF, V# = A£, (3.18) 

where V := E A ^ a is the covariant exterior derivative of 4D superspace. The su- 
performs H and £ are required to transform as scalars under central charge gauge 
transformations, 

5\Habc = AAi^ABc* , 5\Labcd = AAEabod • (3.19) 

Imposing the constraints 

#^ = #0^ = 0, = Hj $ \ = , H a % = 2(a a )n& , (3.20) 

^ = 0, S a ^ = 0, S o6 l 4 = 0, (3.21) 



5 A related superspace involving a complex central charge was constructed in 
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we find that the superfield £ iJ must be a linear multiplet, 

V { X 3k) = Vi*£ j ' fe) = . (3.22) 
The remaining components of H are given by 

Haba = -jMa'VpjC* , H abc = ^^(a^ [<, , (3.23) 

and those of E are given by 

HjJ p = Ai{a ab ) a pZC^ , (3.24a) 



ZabJa = -^abcM d ) a aV;ZCl - -E abcd {<J d ) a6l Z Vj^ , (3.24b) 



Sabcd = —£ a bcd(Z'V k iC kl + Z^ k iC kl + 3V H Z£ k i 

+ W k ZV\C kl + 4V^ZV/£ H ) . (3.24c) 

These results can be compared with those in the previous section by setting — > Da 
and Z — >■ 1. 

As in the flat case, two special situations are noteworthy. The first is if £ u is 
taken to be independent of the central charge, A/?- 7 = 0, then H is closed in the 
usual sense, 

AC ij = — ► dH = , (3.25) 

and £ y becomes a tensor multiplet. The second situation is if we choose the closed 
form E to be exact, 

E = dC* <^=>- ^Ubcd = ^V^C^^} - STJ^gi^C^i^i . (3.26) 

This implies that iJ and E are given in terms of a two-form Bab = — C 5 ab an d a 
three-form CUbc = C A bc, 

Habc = 3^\aBbc] — 3T[ A b\ D B D \ C } + ACabc , (3.27a) 
^abcd = 4V[aCbc£»} — 6T[ AB | £ C S |cd} + SFjab-Bc-b} , (3.27b) 

or, equivalently, 

H = VB + AC , E = VC + B A F . (3.28) 

As in the flat case, this leads to a variant representation for the linear multiplet 
in 4D where one of its auxiliaries is the divergence of a vector. The supergravity 
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generalization of eq. (I2.20p . however, is quite complicated, so we will not construct 
it explicitly here. In the case that the conditions (I3.25P and f !3.26|) are imposed 
simultaneously, we obtain a variant realization of the tensor multiplet such that one 
of its auxiliaries is replaced by the field strength of a gauge three-form. We can think 
of this realization as a three-form multiplet in Af = 2 conformal supergravity. 

Now we would like to interpret £ a 6 C d as (part of) a supersymmetric Lagrangian. 
This turns out to be possible using the so-called ectoplasm formalism pfO| |4"T] . The 
key element of this approach is a superspace four-form J which is closedJUj The action 
constructed by integrating J over the manifold Ai parametrized by the physical coor- 
dinates x m turns out to be automaticaly supersymmetric, which we will demonstrate 
shortly. 

In our case, £ is not itself closed, but we may easily construct a related four-form 
that is: 

J:=Z + VAH. (3.29) 

It is straightforward to check that J is closed, 

dJ = dS + V A dH - dV A H = VS - V A AS + V A VH - F A H = , (3.30) 

using eqs. (13.181) . We can construct a supersymmetric action via the integration of 
J over the manifold ,M@ 

S = J J = j d 4 x e (V) , V = ie™** J mnpq . (3.31) 

This action is automatically supersymmetric by virtue of the closure of J. The proof 
is straightforward. Since supersymmetry is the combination of a superdiffeomorphism 
and a gauge transformation, it suffices to show that the action is invariant separately 
under superdiffeomorphisms and gauge transformations. First, we observe that a 
superdiffeomorphism is a super Lie derivative: 

5^J = £ e J ee z ? dJ + di^J = di^J , (3.32) 

with the last equality following since J is closed. Provided that the manifold Ai has no 
boundary, the variation of the action is zero. Next, we consider gauge transformations. 
Since J is a scalar under the super conformal generators (Lorentz, U(2)r, dilatation 

n On a usual four-dimensional manifold, any four-form is closed trivially, but in superspace the 
condition is nontrivial. 

12 We define the Levi-Civita tensor with world indices as e mnvq := e abcd e a m eb n e c p ed q ■ 
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and special superconformal), the only nontrivial check involves the central charge 
gauge transformation. We note that 



5 A J = 5 A Z + 5 A V AH + V A5 a H , (3.33) 

but £ and H both transform covariantly under central charge gauge transformations, 
5aS = AAS and 5 A H = AAH, while V transforms as a connection, 5 A V = — dA. So 
we find 

5 A J = AAS — dA A + V A AAH = d(AH) . (3.34) 

Once again J transforms into an exact form and so the action S is invariant. 
We can now give the supersymmetric action explicitly. We identify 

Jmnpq ^mnpq ^V[mHnpq] (3.35) 

or equivalently, 



1 1 

* 7 _ r mnpqy mnpq-tr tt (o oc\ 



The second term is a topological BF coupling; the first term is its supersymmetric 
completion and is given by 

1 _mnpov I ^~ r~mnpq rp D rp C rp B rp Asr^ I 

— E l^mnpq\ ~ ^ &q &p &n &m ^ABCD\ 



+ c.c. 

I( ff c %^f^0 + c.c. , (3.37) 



where 



and 



£ ij :=C ij \, (3.38a) 
Xai := Ividjl , t l ■= l^jC ij \ , (3.38b) 
F ■= ^Ctjl , F := ^V%| , (3.38c) 



<j>:=Z\, := V' a Z\ , := V tJ Z\ . (3.39) 
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The full action is 

S = -~ J d 4 x e (f<J> + X f A^ + ~f ^ + -e™^^ 

- ^ad?(2r> + fiXf) + (^WcJVdW + cc.) , (3.40) 

which agrees with [8]. (This action is equivalent to that given in [3] up to a gauge- 
fixing.) The terms V m and H npq are understood as the projections of the corresponding 
superforms. Up to a normalization factor, this is exactly the supersymmetric action 
coupling a linear multiplet to the vector multiplet gauging the central charge. 

4 A deformed linear multiplet 

Now we turn to the main point of our paper: the generalization of the linear mul- 
tiplet when the central charge is gauged by a more elaborate multiplet. We describe 
first a superspace where the central charge connection itself transforms under the 
central charge, reviewing the construction given recently in [45]. Then we reexamine 
the structure of the coupled four-form £ and three-form H to discover a generalized 
version of the linear multiplet. This naturally implies a generalized version of the 
action principle (13.401) . 

4.1 A large vector multiplet 

Until now we have gauged the central charge using a normal M = 2 vector multi- 
plet - that is, the vector multiplet was inert under the central charge. A generalization 
immediately presents itself: we may choose the central charge gauge connection to 
no longer be inert under A. We identify 

V A :=V A + V A A , AVa^O, (4.1) 

where Va is the original covariant derivative of conformal supergravity, while V A is 
the gauge connection associated with A. The gauge transformation of Va is 

5V A = -V A A + AAVa — ► SV A = [AA, V A ] , AA = . (4.2) 

Unlike the gauge one- form Va, the gauge parameter is neutral with respect to the 
central charge. As before, the central charge commutes with the other generators, 
(P , but because AV A ^ 0, we find that [A, V A ] ^ 0. 
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A five-dimensional interpretation is even more useful now than before. Again, we 
take the vielbein of the larger superspace to be 

A (E M A -Vm\ w m _ ( E a M V A \ q\ 

e m - [ l y E * -{ o i) ■ (4 - 3) 

We allow V A = E a m Vm to depend on the fifth bosonic coordinate, but we take E A M 
to be independent of x 5 as before. The connections are given again by (13.81) and the 
covariant derivative by ( 13. 9ft . leading to 

V i = (V A ,A), A = <9 5 . (4.4) 

The algebra of covariant derivatives (13.101) now decomposes into 

[V A , V b } = T AB C V C + FabA + X -R AB cd M cd + R A B kl Jki 

+ iRab(Y)Y + R AB (B)B + Rab C K c , (4.5a) 
[A, V A ] = T 5A A , (4.5b) 

provided we make the identifications 

JF = T 5 <{=> Tab = T AB 5 , F 5A = T 5A 5 , (4.6) 

which leads to 

Tab = 2V [A V B} - T AB C V C , T 5A = AV A = d 5 V A . (4.7) 
The torsion tensor T 5 is closed by construction, 

VT 5 = <=► V [( 5T^ } 5 -T^,% i} 5 = 0, (4.8) 
where V := E A ~V A . This implies similar relations for J 7 , 

Vja^BC} - Ty AB \ D T D \c} = ^[ABl^O} > (4-9) 

2V[a, J- 5 | B } - T AB D F 5D = AJ- a B • (4.10) 
If we introduce the two-form J 7 and the one- forms V and J-$, defined by 

T= X -E B NE A T AB , F 5 = E A F 5A , V = E A V A , (4.11) 
then J 7 and J-5 can be written 

J r = dV + AVAV, J r 5 = AV, (4.12) 
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and the Bianchi identities become 



V J 7 = dj 7 + A J 7 A V = A J 7 , V JF 5 = d T h + A J- 5 A V = A J 7 , (4.13) 
with V := £ a Va- 

Let us now impose constraints on the field strength J 7 . In analogy to the x 5 - 
independent case, we 

7% = 2e a ^M , Jf* = -2e^ £ij M , J*Jj = , (4.14) 

where M is a conformally primary superfield of dimension 1 and U(l) charge —2. 
Analyzing the Bianchi identities, we find that M must obey two constraints, 

VgvJln^Q-O, (4.15) 

The remaining components of J 7 are then determined to be 

^aj = -^K)/MViln^ , (4.17a) 

^ = ^^(""(MV^Q + 4MW Q/3 ) + c.c. , (4.17b) 
Fj a = V^lnM, (4.17c) 
^5a = -^K) a(i (V Qfc vtlnM + vtv afc lnM) . (4.17d) 

o 

It is straightforward to check that if Va is x 5 -independent, then M becomes a reduced 
chiral superfield Z. 

This large vector multiplet has an interesting feature. Although [A, Va] = ^saA 
is nonzero, we can easily see that 

[MA,V* a ] = 0, [MA,vf] = 0. (4.18) 

4.2 Deformed linear multiplet 

Now let us construct a deformation of the linear multiplet in four dimensions. 
The constraints we will impose are quite cumbersome if we insist on a purely four 



13 



Our definition of M differs by a factor of i from [45] . 
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dimensional superspace interpretation. In 4D superspace, we take a four-form £ and 
a three-form H to obey the constraints 

V£ = #A.F, VH + H AJ 5 = AS , (4.19) 

which can equivalently be written 

^{A^BCDE} — ^TyAB\ F ^F\CDE} = ^{AbHcDE} , (4.20a) 

AV[aHbCD\ — ¥Ty AB \ E H E \ C D} + ^^[aHbcD} = AY.ABCD ■ (4.20b) 

Central charge superspace offers a more economical way of encoding the above equa- 
tions. The superforms £ and H may be placed within a single superform E, 

SaBOD = ^ABCD , HabC = ^5ABC ■ (4-21) 

We require £ to be closed, which amounts to 

= ^[A^BCDE} ~ ^[AB\ F ^F\CDE} ■ (4.22) 

This equation is equivalent to the two equations (I4.20j) . 

By fixing some of the lowest components of £ and H, one can show that they are 
completely specified by a deformed linear multiplet obeying 

V^(MC jk) ) = , V ( l{MC jk) ) = . (4.23) 

It is useful to introduce tilded derivatives defined as 

Vi = M- l V l a M , t7f = M~ x vfM , (4.24) 

so the conditions ( 14 . 2 3 [) can be more compactly written 

V££i fe ) = , ^lC 3k) = . (4.25) 

The components of the three-form Habc — £sabc are 

B&L = > H «% = R £) = . H 41 = 2K V A' , (4.26a) 

H ab l e = j(a ab )^V k C k \ H ab f = ^{* ab f^i£ k i , (4.26b) 

H abc = ^£abcd(^) i7 [V 7i , ^^ k ]C jk (4.26c) 
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and the components of the four- form Habcd = ^abcd are 



= Z a 3,s = ^4? = , (4.27a) 



S^j = 4i(a ab ) a pM£ ij , S ab ff = -4i(a ab )^MC tJ , (4.27b) 
^ = -i e abcd (° d U (~MVt (^) C ki + \M^ k C k ^ , (4.27c) 

Z abc f = -ie abcd (a d r QmV^ A, + -MV^) , (4.27d) 



(4.27e) 



4.3 Locally supersymmetric action 



Let us apply the ectoplasm method to the four-form constructed in the previous 
subsection. The superform £ obeys the equation 

dTj = H A J 7 — AS A V = d(H A V) , (4.28) 

so we can introduce the closed four-form 

J:=£-#AV, (4.29) 

which transforms under a central charge gauge transformation as an exact form, 

5 J = AAS - AAH A V - H A dA = d(AH) . (4.30) 

Then by the argument made in the previous section, we may define an action using 
the Lagrangian 

* 7 ._ ]_ r mnpq j mnpqy _ mnpq-\p tt (a 01 \ 

" • < J mnpq 4; ^mnpq g| c • / m ±± npq ■ \ ) 

This is naturally supersymmetric and gauge-invariant. The explicit action is easy to 
construct once we note the similarities between eqs. ( 13.2011 . ( 13.231) and eqs. (14.2611 and 
also between eqs. (13. 2 1 j) . ( I3.24[l and eqs. ( I4.27p . We need only make the identifications 

(4.32a) 
(4.32b) 

(4.32c) 





■= £ l3 \ , 




X.ai 




^.ai — 1 \7afil '\ 

X • 1 


F 


■ 12 v ^1 > 


F ■= - 

12 13 
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and 

0:=M|, A-=MVL(^)|, ^:=MV^g)|. (4.33) 

The full action is then formally identical to the action (I3.40p 

S = - 1 - J d 4 x e (F0 + X ?K + l&Xij + l -e mn ™V m H npq 

- ^ad?(2x d > + /''Ap + (a^s^/^ + c.c.) . (4.34) 

The difference at the component level is that the supersymmetry transformation rules 
of the large vector and deformed linear multiplets have been altered. 

Of course, it is easily seen that if the large vector multiplet M is restricted to 
be china, V»M = 0, then it reduees to the usua, veetot multipletS Similarly, the 
conditions on the deformed linear multiplet ( 14 . 2 3 [) reduce in this case to the usual 
constraints (I3.22p for a linear multiplet. 



5 Applications and discussion 

Until now we have made use of the superfield M with little comment as to its 
physical content. It should be apparent that relative to the usual vector multiplet 
Z, the multiplet M is quite enormous; and because it possesses nontrivial dilatation 
and U(1)r weights, we cannot consistently eliminate either its modulus or its phase. 
Nevertheless, there are several ways we might attempt to reduce it. 

The simplest choice is (of course) to take M to be independent of the central 
charge, which amounts to choosing M = Z for some vector multiplet and reducing 
all of the structure in section H] to that of section [3j A less trivial alternative is merely 
to isolate the x 5 -dependence into either the modulus or the phase of M. The first 
choice is to take 

d 5 (MM) ^ , d 5 (M/M) = . (5.1) 
Examining the Bianchi identity f)4.15p . we see that it is solved by 

M/M = $/$, (5.2) 

14 The chirality condition on M actually implies that M is independent of the central charge from 
consistency of the anticommutator {V", V^}M = 0. 
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for some chiral superfield But (I4.16P then gives = V*- 7 ^ and so $ is a reduced 
chiral multiplet, $ = Z. The Bianchi identities then tell us absolutely nothing about 
the modulus of M. 

Now consider the second choice, 

d 5 (MM) = , ds(M/M) ^ . (5.3) 

The Bianchi identities tell us little about MM, which is some real superfield with 
dilatation weight two. But because MM is x 5 -independent, we may treat it as a 
conformal supergravity compensator. In this light, the most natural choice would 
seem to be MM = ZZ for a vector multiplet Z. Making this choice for the modulus 
of M, we identify the phase by setting 

M = -iZe~ iL (5.4) 

for some real superfield L that depends on the central chargeF^I The Bianchi identities 
( I4.15P and (I4.16P then become 

VgV^L = , e iL V i] (Ze~ 2iL ) = - e - iL V v (Ze 2iL ) . (5.5) 

These equations are (some of) the constraints that define the variant vector-tensor 
multiplet [45] . 

The variant vector-tensor multiplet has been defined recently in supergravity |45j . 
It is a generalization (both to supergravity and with more general couplings to vector 
multiplets) of a multiplet introduced first by Theis [29, 30J. The simplest version 
involves introducing the additional constraint [45] 

e - [L V ij (Ze 2iL ) = -e iL V lj (Ze~ 2iL ) . (5.6) 

The superfield L obeying ( 15. 5ft and ( 15.61) describes the variant vector-tensor multiplet. 
Its Lagrangian is constructed from a generalized linear multiplet £ u given by [15] 

C i] = l -e-' lL V ij {ZLe 2iL ) - e iL ZV ai LV{L - ^e iL V ij Z + c.c. (5.7) 
which can be shown to obey the constraints 

= e- iL v£(e iL £ jfc) ) = V^£ jk) , = e^V^e"^) = ^C jk) , (5.8) 

We refer the reader to [15] for a full discussion. 

15 The overall choice of phase of M can be changed by redefining L. The choice made here matches 
that used in [35] . 
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An alternative possibility is to use the variant vector-tensor multiplet (or some 
other central charge multiplet M) to construct a new action involving a massless 
Fayet-Sohnius hypermultiplet. Let us suppose is a superfield obeying the con- 
straints 

v^y) = v^V } = o (5.9) 

and similarly for its conjugate <f := (<&)*. We can introduce a composite variant 
linear multiplet 

£ ij = \q {i *A q j) ■ (5.10) 

By construction, £ y ' obeys 

v£c jk) = v [ ^a k) = o (5.ii) 

and its action may be constructed directly using ( I4.34p . As with the usual Fayet- 
Sohnius hypermultiplet, this multiplet has the equation of motion Aqi = and so the 
on-shell hypermultiplet decouples from the large vector multiplet 

It has recently been shown at the component level [51] that 5D J\f = 1 conformal 
supergravity can be dimensionally reduced off-shell to 4D M = 2 conformal super- 
gravity coupled to a vector multiplet. One expects that this component construction 
can be repeated at the superfield level and thereby connect 5D M = 1 superspace 
directly to the central charge superspace we considered in section [31 A natural ques- 
tion to ask is whether the more general central charge structure described in section 
HJ involving a large vector multiplet, has any significance from a 5D point of view. In 
particular, can one construct actions in 5D which preferentially reduce in 4D so that 
the central charge multiplet retains x 5 - dependence? 

We are aware of no examples, but there is one interesting possibility. It was 
pointed out in [16] that the nonlinear vector-tensor multiplet has a simple 5D origin, 
at least in flat superspace. It was noted recently by two of us (DB and JN) [39J that 
the generalization of the vector-tensor multiplet to conformal supergravity [201 [21] can 
also be interpreted as arising from a certain 5D action. In both of these situations, the 
central charge is gauged by the usual vector multiplet. However, the variant vector- 
tensor multiplet [291 EDI EH] itself gauges the central charge, and so the central charge 

16 In the case that the central charge is gauged using a standard vector multiplet, the hypermultiplet 
Lagrangian can include a mass term, = hq( l A q^> + \ mcf l q^ , with m a real mass parameter. 
No mass term is allowed if a large vector multiplet is used. 
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multiplet must retain x 5 -dependence. Should this variant VT multiplet possess a 5D 
origin, it would provide just such an example. 

We conclude this paper with a final comment. Within the superconformal tensor 
calculus, the two main types of locally supersymmetric actions are: (i) the chiral 
action; and (ii) the linear multiplet action. The ectoplasm construction for the chiral 
action was given in [53J . The case of the linear multiplet action has been worked out 
in the present paper. 

Acknowledgements: 

The work of DB and SMK is supported in part by the Australian Research Council. 
The work of JN is supported by an Australian Postgraduate Award. 

A Conformal supergravity in 4D J\f = 2 superspace 

In this appendix, we briefly summarize the algebra of M = 2 conformal superspace 
[36] as reformulated in [39J. 

A.l J\f = 2 conformal superspace 

The covariant derivative V A = (V , V„, Vf ) is given by 
V A = E A + l -n A ab M ab + $ A «J - + i$ A F + B A B + $ A B K B 

= e a + n/m^ + n A ^M h + <i« ,"•/;, + & a y + b a b + $ a b k b . (Ai) 

Here E A = E a m 8m is the supervielbein, Q A ab is the spin connection, and ^ A ^ and $a 
are the SU(2)r and U(1)r connections, respectively. In addition, we have a dilatation 
connection B A and a special superconformal connection $ A B . 

The Lorentz generators M a t> obey 

[M ab , V c ] = 2 Vc[a V b] , [M ab , V l a ] = {a ab )J% , [M ab , Vf ] = (a afe )^Vf . (A.2) 
As usual, they may be decomposed into left-handed and right-handed generators 

M aP = \{a ab UM ab , = - l -{a ah ). p M ab , (A.3a) 

M ab = {a ab ) aP M aP - (a ab )-„M.„ , (A.3b) 
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which act only on undotted and dotted indices, respectively 

[M aP , Vy = e 7(a V^ , [M &$ , V*] = e 7(a V^ . (A.4) 
The SU(2) R , U(1)r and dilatation generators obey 

[y,vl] = vl, [y,vf] = -vf, 

[D,V a ]=V a , [D,VjJ = iv a , [D,Vf] = ^Vf. (A.5) 

The special superconformal generators -ft'" 4 = (lf a , 5f , 5^) transform in the obvious 
way under Lorentz and SU(2) R generators, 

[M ab , K c ] = 2 Vc[a K b] , [M ab , 57] = -(a^fS? , [M a6 , S*] = -(<7 a6 )^Sj , 
[J^,^] = — £fe(i<S7) , [Jy,^] = — <^&^) , (A. 6) 

and carry opposite U(1)r and dilatation weight to V^: 

[y,5a = -5f, [r,si] = si, 

[O, tf a ] = -tf a , [D,5?] = ~5f, [0,5*] = -±5*. (A.7) 

Among themselves, the generators K A obey the algebra 

{^,5i} = 2i^(aT^a. (A.8) 
with all the other (anti-) commutators vanishing. 
Finally, the algebra of K A with is given by 

[K a , V 6 ] = 25 6 a D + 2M\ , 

{5?, Vj} = 2^B - 4^M^ - SfSpY + 4S$Jj , 
{•^- V/} = 2<^B + 45}m/ + <5$y - 4^jv , 
[K\ VU = , vf ] = - V) V/ > 



[5?, VJ = i(<7 b nV? , [Si, V b ] = i(a b )/V* , (A.9) 



'/3 ' L ' ' 3 
/3 v i > [^d>V b ] =- i^fcM 

where all other (anti-) commutations vanish. 

The algebra of covariant derivatives has the form 

[V A , V B } = T AB C V C + l -R AB cd M cd + R AB kl J k i 

c , 



+ iR AB (Y)Y + Rab(B)B + Rab c K c . (A.10) 
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We impose constraints on the curvatures appearing on the right-hand side to repro- 
duce the component structure of conformal supergravity [36J. The resulting algebra 
is given by 

{VL, Vj} = 2e ij £ aP W^M^ + ^e^V^W^Sl - ^e^V^W^K^ , (A.lla) 

{Vf , vf } = -ze^W^M^ + l £lJ e^ k W lS St - h^V^W^K^ , (A.llb) 
J z z 

{VL,Vf} = -2i5]V/, (A.llc) 
[Voa, %] = -iSapW^ - '-e^W^B - \e a ^ l W^Y + i. „ ; V/ir 

+ \e a pV%V^W^K 1$ , (A.lld) 
Wca, Vf] = i^M^Vf + ^fvfW^O - ^vfw^y + iStvfi'WcpJv 

+ j5iv ai yy^Wp 7 K^ . (A.lle) 

We have not given the algebra of two vector covariant derivatives since it may straight- 
forwardly be derived as a consequence of the above (anti)-commutators. The result 
is given in [36J. 

The curvatures are characterized by a single complex superfield W a p, which is 
the super conformal Weyl tensor. It is symmetric (W a p = Wp a ), superconformally 
primary (KaW q p = 0), chiral (VfWpy = 0), and obeys the Bianchi identity 

V a pW a ? = V^W &p , (A.12) 

where we introduce the notation 

V Q/J := V\ a V p)k , V^ := V]f V«* . (A.13) 



A. 2 Conformal supergravity and central charge 

As in, e.g. |39j we can introduce a central charge gauged by an off-shell vector 
multiplet. First, we introduce a modified covariant derivative: 

V A :=V A + V A A , (A.14) 

where Va(z) is the gauge connection and A is a real central charge. We assume that 
the central charge commutes with the modified covariant derivative, [A, Va] = 0, 
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which allows us to treat it completely analogously to a U(l) generator as far as the 
algebra is concerned. 

The curvature tensors are given by 

[V A , V B } = T AB C V C + F AB A + ~R AB cd M cd + R AB kl J kl 

+ iR AB (Y)Y + R AB (B)B + R AB C K C . (A. 15) 

We then impose the constraints for the vector multiplet, using Z to denote the cor- 
responding abelian field strength, 



F£ = 2e a pe ij Z, iff = -2e^e l3 Z , F^ = 0, (A. 16a) 

FJ = ™(<7 )/Viz , Fj = U<r a )jmZ , (A.16b) 



F ab = l -{a ab ) aP {V^Z + AW al3 Z) - \{a ab )^{V^Z + 4W^Z) , (A.16c) 

where 2 is a reduced chiral primary superfield with dimension 1 and U(l) weight —2 

K A Z = , = Z , = -2Z , 

ViZ = , V ij Z = V lJ Z . (A.17) 

Our normalization for Z has been chosen so that in the flat limit taking Z — > 1 allows 
the identification of the central charge curvature F with the five-dimensional torsion 
tensor T 5 . 



B J\f = 1 £>F coupling via ectoplasm 

In this appendix, we briefly discuss how to use the ectoplasm method to construct 
the BF action in M = 1 conformal supergravity corresponding to 



S BF = J d 4 xd 4 fl ELV (B.l) 

where V is a vector multiplet prepotential and L is a real linear multiplet obeying 

V 2 L = V 2 L = . (B.2) 



We work in M = 1 conformal su 
sistent with the rest of the paper 



jerspace [54J but use the Lorentz conventions con- 



§ 



17 The standard formulation of Af = 1 conformal supergravity [33] can be obtained from this 
formulation by an appropriate gauge-fixing [5H [SS] . 
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Let E be a superspace four-form obeying the equation 

d£ + FA# = (B.3) 
for closed two-form F and closed three-form H. The field strength F is given by 

F BA = 0, F Pa = (a a ) 00 W^ , F 0a = (a a ) 00 W^ , (B.4a) 



F ba = -(a ba r^ W a - -{a ha )^W« , (B.4b) 



$& ~ w ' P a \ J/3l3 rv J A Pa — \ u J/3/3 1 

where W a is a reduced chiral spinor obeying V a W a = V dW a . The three-form H is 
given by 



%d = , H 70a = H. 0a = , H l0a = 2\{a a ) 10 L , (B.5a) 

)j8 



H^ ba = -2{a ba )^V 5 L , Hyn = -2{d ba ).^7 & L , (B.5b) 



H cba = -\e dcba {d d f a [V a , V„}L . (B.5c) 
If we constrain certain components of the four-form £ to be zero, we find 

= , (B.6a) 

1 - ■ ■ 1 

£<5 7 f>a = -T^(o-ba)sjY , Y, h ba = — (a ba ) 6l Y , E^ ba = , (B.6b) 
lo lb 

Z 5cba = ~^:e dcba (a d ) S s(V S Y - 16i W*L) , (B.6c) 
lb 

Z 6 cba = +^e dcba (a d f(V s Y + 16i W 5 L) , (B.6d) 
lb 

^ dcba = e dcba ^(V 2 Y - V 2 F) - W a V a L - W A V«L - l -LV a W a ) , (B.6e) 

where Y is a chiral superfield. The F-dependent pieces of £ correspond to a closed 
four- form E c , which was constructed in [4T] (see also [53]) and generates a chiral action 
in M = 1 supergravity. This closed four-form S c coincides with the field strength of 
a gauge three-form in the case that Y = V 2 X with X = X [48, 56J. 

Now we introduce a closed four-form J 

J:=J: + AAH, dJ = d£-dAA# = . (B.7) 
The four-form J mnpa , 

Jmnpq ^mnpq ^-^[m-^npq] , (B.8) 

then gives a supersymmetric four-form action. Neglecting gravitinos, we find 
^e mnpq Jmn Pq = ^y 2 Y - V 2 Y) - W a V a L - W & V & L - hv a W a 

-jA da [V a ,V d ]L + e>(V) • (B.9) 
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If we further constrain Y = 0, this is exactly the component Lagrangian for the action 

( IB. II) under the identifications W a = --V 2 V Q V r and A a& = —-[V a ,V&]V. 
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